Connected weakly-irreducible not irreducible subgroups of SU (1, n + 1) are classified and divided into 10 types.
Introduction
The classification of connected holonomy groups of Riemannian manifolds is well known. First in 1952 A. Borel and A. Lichnerowicz proved that the holonomy group of a Riemannian manifold is a product of irreducible holonomy groups of Riemannian manifolds, see [9] . In 1955 M. Berger gave a list of possible connected irreducible holonomy groups of Riemannian manifolds, see [7] .
Later, in 1989 R. Bryant constructed the metrics for the exceptional groups of this list, see [10] .
In the case of pseudo-Riemannian manifolds appears the situation when the holonomy group preserves a degenerate vector subspace of the tangent space. In this situation the Borel-
Lichnerowicz theorem does not work. A subgroup G ⊂ SO(p, q) is called weakly-irreducible
if it does not preserve any nondegenerate proper subspace of R p,q . The Wu theorem states that the holonomy group of a pseudo-Riemannian manifold is a product of weakly-irreducible holonomy groups of pseudo-Riemannian manifolds, see [23] . If a holonomy group is irreducible, then it is weakly-irreducible. In [7] M. Berger gave also a list of possible connected irreducible holonomy groups for pseudo-Riemannian manifolds.
Thus the first problem is to classify weakly-irreducible not irreducible subgroups of SO(p, q).
This was compleatly done only for connected groups in the Lorentzian case, i.e. for the signature (1, n + 1), in 1993 by L. Berard Bergery and A. Ikemakhen, who divided connected weakly-irreducible not irreducible subgroups of SO(1, n + 1) into 4 types, see [5] . In [13] more geometrical proof of this result was given, see also remark after theorem 2. To each weaklyirreducible not irreducible subgroup of G ⊂ SO(1, n+1) can be associated a subgroup of SO(n), which is called the orthogonal part of G. Just recently T. Leistner showed that the orthogonal part of a weakly-irreducible not irreducible holonomy group of a Lorentzian manifold must be the holonomy group of a Riemannian manifold, see [19, 20, 21] . In [8] C. Boubel found a way to construct the metrics for groups of each type with the given connected holonomy group of a Riemannian manifold as the orthogonal part. This completes the classification of connected holonomy groups for Lorentzian manifolds.
The next signature to study is (2, N). In 1998 A. Ikemakhen classified connected weaklyirreducible subgroups of SO(2, N) that preserve an isotropic plane and satisfy an additional condition, see [16] . We study connected holonomy groups of pseudo-Kahlerian manifolds of signature (2, 2n + 2), i.e. holonomy groups contained in U(1, n + 1) ⊂ SO(2, 2n + 2). From the Wu theorem it follows that any such group is a product of irreducible holonomy groups of Kahlerian manifolds and of the weakly-irreducible holonomy group of a pseudo-Kahlerian manifold of signature (2, 2k + 2) . If the last group is irreducible, then from the Berger list we reed that it must be SU(1, k +1) or U(1, k +1). In the present paper we consider only holonomy groups of special pseudo-Kahlerian manifolds, i.e. holonomy groups contained in SU(1, n + 1).
Let V be a 2n + 4-dimensional real vector space endowed with a complex structure J and with a J-invariant metric η of signature (2, 2n + 2). We classify (up to conjugacy) all connected subgroups of SU(1, n + 1) that act weakly-irreducibly and not irreducibly on V , for this we use a generalization of the method from [13] .
We denote byṼ the n+2-dimensional complex vector space given by (V, J). Let g be the pseudoHermitian metric onṼ of signature (1, n + 1) corresponding to η. If a subgroup G ⊂ U(1, n + 1) acts weakly-irreducibly on V , then G acts weakly-irreducibly onṼ , i.e. does not preserve any proper g-nondegenerate complex vector subspace.
We consider the boundary ∂H n+1 C of the complex hyperbolic space H n+1 C and identify ∂H n+1 C with the 2n + 1-dimensional sphere S 2n+1 . For a complex isotropic line l ⊂Ṽ we denote by U(1, n + 1) l ⊂ U(1, n + 1) the connected subgroup that preserves the line l. Any connected subgroup G ⊂ U(1, n + 1) that acts onṼ weakly-irreducibly and not irreducibly is conjugated to a subgroup of U(1, n + 1) l .
We identify the set ∂H n+1 C \{l} = S 2n+1 \{point} with the Heisenberg space H n = C n ⊕ R.
Any element f ∈ U(1, n + 1) l induces a transformation Γ(f ) of H n , moreover, Γ(f ) ∈ Sim H n ,
where Sim H n is the group of the Heisenberg similarity transformations of H n . We show that Γ : U(1, n + 1) l → Sim H n is a surjective Lie group homomorphism with the kernel T, where
T is the 1-dimensional subgroup generated by the complex structure J ∈ U(1, n + 1) l . In particular T is the center of U(1, n + 1) l . Let SU(1, n + 1) l = U(1, n + 1) l ∩ SL(2 + n, C). Then U(1, n + 1) l = SU(1, n + 1) l · T and the restriction
is a Lie group isomorphism.
We consider the projection π : Sim H n → Sim C n , where Sim C n is the group of similarity transformations of C n . The homomorphism π is surjective and its kernel is 1-dimensional.
We prove that if a subgroup G ⊂ U(1, n + 1) l acts weakly-irreducibly onṼ , then
(1) the subgroup π(Γ(G)) ⊂ Sim C n does not preserve any proper complex affine subspace of
This is the key statement for our classification.
Since we are interested in connected Lie groups, it is enough to classify the corresponding Lie algebras. The classification is done in the following way:
• First we describe noncomplex vector subspaces L ⊂ C n with span C L = C n (it is enough to consider only vector subspaces, since we do the classification up to conjugacy). Any such noncomplex vector subspace has the form L = C m ⊕ R n−m , where 0 ≤ m ≤ n. Here we have 3 types of subspaces: 1) m = 0 (L is a real form of C n ); 2) 0 < m < n; 3) m = n (L = C n ).
• We describe the Lie algebras f of the connected Lie subgroups F ⊂ Sim C n preserving L.
We can assume that each Lie group F does not preserve any proper affine subspace of L, this means that F acts irreducibly on L, hence F acts transitively on L (a theorem due to D.V. Alekseevsky, see [2] or [3] ). In our recent paper ( [13] ) we have divided transitive similarity transformation groups of Euclidean spaces into 4 types. The group F is contained in
where R + is the group of real dilations of C n about the origin and L is the group of all translations in C n by vectors of L. In general situation we know only
is also contained in U(n) and we know the full information about F . On this step we obtain 12 types of Lie algebras.
• Then we describe subalgebras a ⊂ lie (Sim H n ) with π(a) = f. For each f we have 2 possibilities: a = f + ker π or a = {x + ζ(x)|x ∈ f}, where ζ : f → ker π is a linear map. Using the isomorphism (Γ| su(1,n+1) l ) −1 we obtain a list of subalgebras g ⊂ su(1, n + 1) l . This gives us 16 types of Lie algebras.
• Finally we check which of the obtained subalgebras of su(1, n + 1) l ⊂ so(2, 2n + 2) are weakly-irreducible. It turns that some of the types contain Lie algebras that are not weaklyirreducible. Giving new definitions to these types we obtain 16 types of weakly-irreducible Lie algebras. Uniting some of the types we obtain 10 types of weakly-irreducible subalgebras of
Note that we obtain some weakly-irreducible subalgebras g ⊂ su(1, n + 1) l ⊂ so(2, 2n + 2) that were not considered by A. Ikemakhen in [16] .
Remark that for each f ⊂ LA(Sim H n ) as above and for each g ⊂ su(1, n + 1) l with π(Γ(g)) = f we can consider the Lie algebras g J = g ⊕ RJ and g ξ = {x + ξ(x)|x ∈ g}, where ξ : g → R is a linear map. Checking which of these subalgebras of u(1, n + 1) l ⊂ so(2, 2n + 2) are weaklyirreducible we can classify all weakly-irreducible subalgebras of u(1, n + 1) l ⊂ so(2, 2n + 2). We do not do this in the present paper.
With each weakly-irreducible subalgebra g ⊂ su(1, n+ 1) l ⊂ so(2, 2n) we associate a subalgebra h ⊂ u(n). The next question to answer will be: which Lie algebras h ⊂ u(n) can be associated to holonomy algebras? Note that h must not be the holonomy algebra of a Riemannian manifold.
This show the examples given in [16] . This is a difference between the Lorentzian and our cases.
of complex vector spaces and real vector spaces with complex structures. For a real vector space S with a complex structure J we denote byS the complex vector space given by (S, J).
Let S be a complex vector space. A subspace
Suppose S is endowed with a pseudo-Hermitian metic g. For x, y ∈ S R let η(x, y) = Re g(x, y). Then η is a metric on S R and we have η(Jx, Jy) = η(x, y) for all x, y ∈ S R , i.e. η is J-invariant. Conversely, for a given real vector space S with a complex structure J and an J-invariant nondegenerate metric η, let g(z, w) = η(z, w) + iη(z, Jw) for all z, w ∈S. Then g is a pseudo-Hermitian metric onS. This gives us an isomorphism of categories of pseudo-Hermitian spaces and real vector spaces endowed with complex structures and invariant nondegenerate metrics.
Let S be a complex vector space of dimension n+2, where n ≥ 0, and let g be a pseudoHermitian metric on S of signature (1, n+1) . By definition, the pseudo-unitary group U(1, n+1)
is the real Lie group of g-invariant automorphisms of S, i.e.
U(1, n + 1) = {f ∈ Aut(S)|g(f z, f w) = g(z, w) for all z, w ∈ S}.
The corresponding Lie algebra consists of g-skew symmetric endomorphisms of S, i.e.
u(1, n + 1) = {ξ ∈ End(S)|g(ξz, w) + g(z, ξw) = 0 for all z, w ∈ S}.
Consider the action of the group U(1, n + 1) on S R . Then U(1, n + 1) = {f ∈ SO(2, 2n + 2)|Jf = f J} and u(1, n + 1) = {ξ ∈ so(2, 2n + 2)|Jξ = ξJ}.
Here SO(2, 2n + 2) is the Lie group of η-orthogonal automorphisms of S R and so(2, 2n + 2) is the corresponding Lie algebra, which consists of η-skew symmetric endomorphisms of S R .
3 Transitive similarity transformation groups of Euclidian spaces
Let (E, η) be an Euclidean space,
Denote by Sim E and Isom E the identity components of the groups of all similarity transformations and isometries of E respectively. A
irreducible if it does not preserve any proper affine subspace of E.
The following theorem is due to D.V. Alekseevsky (see [2] or [3] 
where E is a normal subgroup 1 . For Sim E we have
where E is a normal subgroup of Sim E and A 1 commutes with SO(E).
In [13] we have deduced from results of [2] and [3] the following theorem.
Theorem 2 Let G ⊂ Sim E be a transitively acting connected subgroup. Then G belongs to one of the following types
is a nontrivial homomorphism and
is a group of screw dilations of E;
is a homomorphism with ker d Ψ = {0}, and
is a group of screw isometries of E. 1 We denote by ⋌ and ⋉ the semi-direct product and semi-direct sum for Lie groups and Lie algebras respectively. If a Lie algebra is decomposed into a direct sum of vector subspaces, then we use +.
Remark. Consider the Minkowski space R 1,n+1 . Let l ⊂ R 1,n+1 be an isotropic line and E ⊂ R 1,n+1 be an Euclidean subspace orthogonal to l. In [13] was constructed an isomorphism SO(1, n + 1) l ≃ Sim E, where SO(1, n + 1) l is the connected subgroup of SO(1, n + 1) that preserves the line l. It was proved that a subgroup G ⊂ SO(1, n + 1) l is weakly-irreducible if and only if the corresponding subgroup of Sim E acts transitively on E. Together with the above theorem this gives a classification of weakly-irreducible subgroups of SO(1, n + 1) l .
To the above decomposition of the Lie group Sim E corresponds the following decomposition of its Lie algebra LA(Sim E),
where A 1 = R is the Lie algebra of the Lie group A 1 and E is the Lie algebra of the Lie group E. We see that A 1 commutes with so(E) and E is a commutative ideal.
Let h be a Lie algebra. We denote by h ′ the commutant of h and by z(h) the center of h. If h ⊂ so(n), then h is a compact Lie algebra and we have h = h ′ ⊕ z(h).
The Lie algebras of the Lie groups from the above theorem have the forms (see [13] ) For each Lie algebra g as above we call B ⊂ so(E) the orthogonal part of g.
Similarity transformations of the Heisenberg spaces
In this section we give some definitions from [14] .
LetẼ be a complex vector space of dimension n endowed with a Hermitian metric g.
By definition, the Heisenberg space associated to n is the direct sum H n =Ẽ ⊕ R. The line R is called the vertical axis.
We consider H n also as a group with respect to the operation
where z, w ∈Ẽ and u, v ∈ R. The group H n is nilpotent and R ⊂ H n is a normal subgroup.
We consider the action of the group H n on itself by left translations. These transformations are called the Heisenberg translations.
The unitary group U(Ẽ) acts on H n by
where A ∈ U(Ẽ). These transformations are called the Heisenberg rotations about the vertical axis.
The group C * of nonzero complex numbers acts on H n by
where λ ∈ C * . These transformations are called the complex Heisenberg dilations about the origin.
The intersection of the group of the Heisenberg rotations about the vertical axis and the group of the complex Heisenberg dilations about the origin is the group of scalar multiplications by unit complex numbers T = C * ∩U(Ẽ). The groups C * and U(Ẽ) generate the group
where R + is the group of the real Heisenberg dilations about the origin with λ ∈ R + .
All the above transformations generate the Heisenberg similarity transformation group
where the subgroup H n ⊂ Sim H n is normal.
By definition, the similarity transformation group of the Hermitian spaceẼ is
whereẼ ⊂ SimẼ is a normal subgroup that consists of translations inẼ.
We have the natural projection
The kernel of π is 1-dimensional and consists of the Heisenberg translations (z, u) → (z, u + c),
To the above decomposition of the Lie group Sim H n corresponds the following decomposition of its Lie algebra
where A 1 = R is the Lie algebra of the Lie group of the real Heisenberg dilations about the origin.
Denote by C the Lie algebra of the group of the Heisenberg translations (0, u) : (w, v) → (w, u + v). LetẼ ⊂ LA(H n ) be the tangent space to the submanifoldẼ ⊂ SimẼ at the unit.
We see that C is an ideal in LA(Sim H n ) andẼ is a vector subspace of LA(H n ) with [Ẽ,Ẽ] = C.
We have LA(H n ) =Ẽ + C. Thus,
For the Lie algebra LA(SimẼ) of the Lie group SimẼ we have the decomposition
where A 1 = R is the Lie algebra of the group of real dilations about the origin,Ẽ is the Lie algebra of the Lie groupẼ. We see that A 1 commutes with u(n) andẼ is an ideal.
We denote the differential of the projection π : Sim H n → SimẼ also by π. We see that the linear map
is surjective with the 1-dimensional kernel C.
5 The groups U (1, n + 1)
their Lie algebras and examples
Let V be a 2n + 4-dimensional real vector space endowed with a complex structure J ∈ Aut V and with a J-invariant metric η of signature (2, 2n + 2). Denote byṼ the n + 2-dimensional complex vector space given by (V, J). Let g be the pseudo-Hermitian metric onṼ of signature (1, n + 1) corresponding to η.
Definition 1
We say that a subgroup G ⊂ U(1, n + 1) acts weakly-irreducibly on V (resp.
onṼ ) if it does not preserve any nondegenerate proper subspace of V (resp. ofṼ ). We say that a subalgebra
g ⊂ u(1, n + 1) ⊂ so(2, 2n + 2) (resp. g ⊂ u(1, n + 1) ⊂ so(n + 2, C)) is
weakly-irreducible if it does not preserve any nondegenerate proper subspace of V (resp. ofṼ ).
If a Lie subgroup G ⊂ U(1, n + 1) is connected, then G acts weakly-irreducibly on V (resp. onṼ ) if and only if the corresponding Lie algebra g ⊂ u(1, n + 1) ⊂ so(2, 2n + 2) (resp. g ⊂ u(1, n + 1) ⊂ so(n + 2, C)) is weakly-irreducible.
Proposition 1 If a subgroup G ⊂ U(1, n+1) acts weakly-irreducibly on V , then G acts weaklyirreducibly onṼ .
Proof. Suppose that G ⊂ U(1, n+1) acts weakly-irreducibly on V and G preserves a nondegener-
Thus the subspace L R is nondegenerate and we have a contradiction.
The converse to proposition 1 is not true, see example 2 below.
For the group U(1, n + 1) we have the local decomposition U(1, n + 1) = SU(1, n + 1) · T, where
and T is the center of U(1, n + 1), which is the 1-dimensional subgroup generated by the complex structure J ∈ U(1, n + 1).
We fix a basis p 1 , e 1 , ..., e n , q 1 ofṼ such that the Gram matrix of g has the form
where E n is the n-dimensional identity matrix. LetẼ ⊂Ṽ be the vector subspace spanned by e 1 , ..., e n . We will considerẼ as Hermitian space with the metric g|Ẽ.
Denote by U(1, n+1) Cp 1 the Lie subgroup of U(1, n+1) acting onṼ and preserving the complex isotropic line Cp 1 . Since J ∈ U(1, n + 1) Cp 1 , we have the decomposition U(1, n + 1)
The Lie algebra u(1, n+1) Cp 1 of the Lie group U(1, n+1) Cp 1 can be identified with the following matrix algebra
Here u(n) is the unitary Lie algebra of the Hermitian spaceẼ. We identify the above matrix with the quadruple (a, A, z, c) and define the following vector subspaces of u(1, n + 1) Cp 1 :
We consider u(n) as a subalgebra of u(1, n + 1) Cp 1 with the obvious inclusion. Note that C is a commutative ideal, which commutes with u(n) and N , and A is a commutative subalgebra, which commutes with u(n). For a ∈ C, c ∈ R, z, w ∈Ẽ and A ∈ u(n) we have the following We have the decomposition
For the Lie algebra su(1, n + 1) Cp 1 of the Lie group SU(1, n + 1) Cp 1 we have
Let g ⊂ u(1, n + 1) ⊂ so(n + 2, C) be a weakly-irreducible and not irreducible subalgebra.
Then g preserves a nondegenerate proper subspace L ⊂Ṽ . Hence g preserves the orthogonal complement L ⊥g and the intersection L ∩ L ⊥g , which is an isotropic complex line. Hence g is conjugated to a weakly-irreducible subalgebra of u(1, n + 1) Cp 1 .
Now we consider the real vector space V . Let p 2 = Jp 1 , f 1 = Je 1 ,..., f n = Je n and q 2 = Jq 1 .
Consider the basis p 1 , p 2 , e 1 ,...,e n , f 1 ,...,f n , q 1 , q 2 of the vector space V . With respect to this basis the Gram matrix of the metric η and the complex structure J have the forms
We consider the vector space E = span R {e 1 , ..., e n , f 1 , ..., f n } ⊂ V as an Euclidian space with the metric η| E . Let E 1 = span R {e 1 , ..., e n } and E 2 = span R {f 1 , ..., f n }.
Denote by U(1, n+1) <p 1 ,p 2 > the subgroup of U(1, n+1) acting on V and preserving the isotropic
acting on V . Denote by SU(1, n + 1) <p 1 ,p 2 > the group SU(1, n + 1) Cp 1 acting on V . We have
The Lie algebra u(1, n + 1) <p 1 ,p 2 > of the Lie group U(1, n + 1) <p 1 ,p 2 > can be identified with the following matrix algebra,
The correspondence between u(1, n + 1) Cp 1 and u(1, n + 1) <p 1 ,p 2 > is given by the identities
to B ∈ so(n) and C is a symmetric matrix.
We identify the above matrix with the 7-tuple (a 1 , a 2 , B, C, y 1 , y 2 , c). Define the following vector subspaces of u(1, n + 1) <p 1 ,p 2 > :
We consider u(n) as a subalgebra of u(1, n + 1)
We see that C is a commutative ideal, which commutes with A 2 , N 1 , N 2 and u(n), and A 1 ⊕A 2 is a commutative subalgebras, which commutes with u(n).
We have the decomposition
For the Lie algebra su(1, n + 1) <p 1 ,p 2 > of the Lie group SU(1, n + 1) <p 1 ,p 2 > we have
and u(1, n + 1) <p 1 ,p 2 > = su(1, n + 1) <p 1 ,p 2 > ⊕ RJ. We have the decomposition
where
Now we consider some examples.
Example 1 The subalgebra
Proof
(here we use the decomposition V = Rp 1 ⊕Rp 2 ⊕span R {e 1 , ..., e n }⊕span R {f 1 , ..., f n }⊕Rq 1 ⊕Rq 2 ).
Applying an element (0, 0, 0, 0, z 1 , 0, 0) ∈ N 1 ⊂ g with z t 1 z 1 = 1 twice to v, we see that 
hence L is degenerate. The similar statement is for
As in example 1 we can assume that the projection of g to Cq 1 is zero and show that L is degenerate.
The vector subspaces span R {p 1 + p 2 , e 1 + f 1 , ..., e n + f n , q 1 + q 2 } ⊂ V and span R {p 1 − p 2 , e 1 − f 1 , ..., e n − f n , q 1 − q 2 } ⊂ V are nondegenerate and preserved by g.
Example 3 The subalgebra
As in example 1 we see that
The end of the proof is as in example 1.
and C be the connected Lie subgroups of U(1, n + 1) Cp 1 corresponding to the subalgebras A 1 , A 2 , N 1 , N 2 and C of the Lie algebra u(1, n + 1) Cp 1 . These groups can be identify with the following groups of matrices
We
We have the decomposition U(1, n + 1)
6 Action of the group U (1, n + 1) Cp 1 on the boundary of the complex hyperbolic space
LetṼ be a complex vector space of dimension n + 2 and g be a pseudo-Hermitian metric onṼ of signature (1, n + 1). A complex line l ⊂Ṽ is called negative if g(z, z) < 0 for all z ∈ l\{0}.
The n + 1-dimensional complex hyperbolic space H n+1 C is the subset of the projective space PṼ consisting of all negative lines.
The boundary ∂H (p 1 + q 1 ). With respect to this basis the Gram matrix of g has the form
Consider the vector subspaceẼ 1 =Ẽ ⊕ Ce n+1 ⊂Ẽ. Each isotropic line intersects the affine subspace e 0 +Ẽ 1 at an unique point and we see that
is a 2n + 1-dimensional unite sphere S 2n+1 . Here (x 0 + iy 0 , ..., x n+1 + iy n+1 ) are the coordinates of a point z with respect to the basis e 0 , e 1 , ..., e n , e n+1 .
Let G ⊂ U(1, n + 1) Cp 1 be a subgroup. We identify ∂H n+1 C \{Cp 1 } with a Heisenberg space H n and consider an action of G on H n . For this let E 2 =Ẽ⊕iRe n+1 and p 0 = Cp 1 ∩(e 0 +Ẽ 1 ) = √ 2p 1 .
Denote by s 0 the stereographic projection s 0 : S 2n+1 \{p 0 } → E 2 (here we identify E 2 and e 0 + E 2 ). Note that E 2 is just a Heisenberg space H n with the vertical axis iRe n+1 . Any f ∈ U(1, n + 1) Cp 1 takes complex isotropic lines to complex isotropic lines, hence it acts on 
respectively.
Thus we have a surjective Lie group homomorphism
The kernel of Γ is the center T of U(1, n + 1) Cp 1 , hence the restriction
We say that an affine subspace L ⊂ E is complex if the corresponding vector subspace is complex, otherwise we say that L is noncomplex.
Let π : Sim H n → SimẼ be the obvious projection. The homomorphism π is surjective and its kernel is 1-dimensional and consists of the Heisenberg translations (z, iu) → (z, iu + ic). ⊥g ⊂Ṽ , which is nondegenerate.
Hence, span C L 0 =Ẽ. This proves the theorem.
7 Classification of weakly-irreducible subalgebras
Here we classify weakly-irreducible subalgebras of su(1, n + 1) <p 1 ,p 2 > , this is equivalent to the classification of connected weakly-irreducible Lie subgroups of SU(1, n + 1) <p 1 ,p 2 > .
First we fix some more notation. For any integers k and l with 0 < k ≤ l we consider the following subspaces:
Clearly,
..,n and N 2 = N 2 1,...,n . We denote by u(e k , ..., e l ) the subalgebra of u(n) that preserves the vector subspace span C {e k , ..., e l } ⊂ E and annulate the orthogonal complement to this subspace.
Furthermore, we consider the Lie algebra 
where we write the matrices of the operators using the decomposition
This subalgebra of u(n) annulates the orthogonal complement to E 1 k...,l ⊕ E 2 k...,l and acts diago-
We denote the differential of the homomorphism Γ : U(1, n + 1) Cp 1 → Sim H n also by Γ. Then
is a surjective Lie algebra homomorphism with the kernel RJ. Let Γ 0 = Γ| su(1,n+1)<p 1 ,p 2 > . We see that
is a Lie algebra isomorphism.
Let J E = J| E be the complex structure on E. We have
Let h ⊂ su(n) ⊂ LA(Sim H n ) be a subalgebra. We see that
where su(n) is included in su(1, n + 1) <p 1 ,p 2 > as above.
Thus we know how to find Γ −1 0 (h) for any h ⊂ u(n). Let g ⊂ u(1, n + 1) <p 1 ,p 2 > be a subalgebra. We denote by h g the projection of π(Γ(g)) ⊂
LA(SimẼ) to u(n) with respect to the decomposition LA(SimẼ) = (A 1 ⊕ u(n)) ⋉Ẽ.
Definition 2 The subalgebra h g is called the unitary part of
Conversely, for any 0 ≤ m ≤ n and any subalgebra h ⊂ u(1, ..., m) ⊕ sod(m + 1, ..., n) we consider the following Lie algebras
For any integer 0 ≤ m ≤ n, any subalgebra h ⊂ u(1, ..., m) ⊕ sod(m + 1, ..., n) with z(h) = {0}
and any nonzero linear map ϕ : z(h) → A 1 we consider the Lie algebra
For any integers k and l with 0 ≤ k ≤ l ≤ n, any subalgebra h ⊂ u(e 1 , ..., e k ) such that dim z(h) ≥ (n + l − 2k), and any surjective linear map ψ :
we define the Lie algebra 
For any integer k, any subalgebra h ⊂ sod(1, ..., k) such that dim z(h) ≥ n−k, and any surjective
For any subalgebra h ⊂ sod(1, ..., n) and any nonzero linear map ζ :
For any integer 0 ≤ i 0 < n, any subalgebra h ⊂ sod(i 0 + 1, ..., n) with z(h) = {0}, and any
For any subalgebra h ⊂ sod(1, ..., n) with z(h) = {0}, and any nonzero linear maps ϕ : z(h) → A 1 and ζ : z(h) → C such that ker ϕ = ker ζ let
For any integers i 0 and k with 0 ≤ i 0 < k < n, any subalgebra h ⊂ sod(i 0 + 1, ..., k) with
..,n , and any linear map ζ :
Theorem 4 The Lie algebras of the form
Remark. Let G m, * be the connected subgroup of SU(1, n + 1) <p 1 ,p 2 > corresponding to a subalgebra g m, * ⊂ su(1, n + 1) <p 1 ,p 2 > . Then the group π(Γ(G m, * )) ⊂ Sim E preserves the vector subspace L = span C {e 1 , ..., e m } ⊕ span R {e m+1 , ..., e n } and acts transitively on L. The indices except m, i 0 and ζ describe this action. The Lie algebras of the first and second lines contain the ideal C. The Lie algebras of the third line do not contain C, but have nontrivial projection on C. These Lie algebras are obtained by twisting via ζ some subalgebras of su(1, n + 1) <p 1 ,p 2 > that have trivial projections on C. In [16] were classified weakly-irreducible subalgebras of so(2, N + 2) <p 1 ,p 2 > that contain the ideal C, the last 4 types of Lie algebras from the above theorem were not considered in [16] .
Proof of the classification theorem
Theorem 3 shows us that we must rind all connected Lie subgroups F ⊂ SimẼ that satisfy the conclusion of theorem 3. Then for each subgroup F find all connected subgroups G ⊂ SU(1, n + 1) <p 1 ,p 2 > with π(Γ(G)) = F and check which of these groups act weakly-irreducibly on V . Since all groups are connected, we may do some steps in terms of the Lie algebras.
Step 1. First we describe noncomplex vector subspaces
We see that L 0 is a complex subspace and
vector space span C L 1 . We choose the above basis e 1 , ..., e n , f 1 , ..., f n in such a way that L 0 = span R {e 1 , ..., e m , f 1 , ..., f m } and L 1 = span R {e m+1 , ..., e n }, where m = dim Case m = n. L =Ẽ is the whole space;
Case m = 0. L = span R {e 1 , ..., e n } is a real form ofẼ;
Step 2. Now we describe Lie algebras f of connected Lie subgroups F ⊂ SimẼ preserving L.
We may assume that the Lie group F does not preserve any proper affine subspace of L, i.e.
F acts irreducibly on L, hence F acts transitively on L (theorem 1). And we can describe all such groups and their Lie algebras.
Case m = n. The Lie algebras corresponding to the transitive similarity transformation groups of type 1, 2 and 3 are
Now consider Lie algebras of type 4. Here we have an orthogonal decomposition E = W ⊕ U.
and U 1 in W and U respectively. We see that W 1 and U 1 are complex subspaces of E, and W 2 and U 2 are mutually orthogonal real forms of the complex vector space span C W 2 = span C U 2 .
We have the orthogonal decomposition of
. We choose the basis e 1 , ..., e n , f 1 , ..., f n in such a way that
.., e l , f k+1 , ..., f l } and
The orthogonal part of a Lie algebra of type 4 is contained in so(W ) ∩ u(n). Suppose
, then with respect to the decomposition 
Thus the Lie algebras corresponding to transitively acting groups of type 4 have the form
..,n is a surjective linear map.
is also contained in U(n). We have
.., n), where SOD(1, ..., n) is the connected Lie subgroup of U(n) corresponding to the Lie algebra sod(1, ..., n). Thus the projection of F to
The Lie algebras corresponding to the transitive similarity transformation groups of type 1, 2 and 3 have the form
For a Lie algebras of type 4 we have an orthogonal decomposition L = W ⊕ U. We choose the vectors e 1 , ..., e n in such a way that W = span R {e 1 , ..., e k } and U = span R {e k+1 , ..., e n }, where
The Lie algebras corresponding to transitively acting groups of type 4 have the form
where 0 < k < n, h ⊂ sod(1, ..., k) and ψ : z(h) → E 1 k+1,...,n is a surjective linear map. Case 0 < m < n. We have L = span C {e 1 , ..., e m } ⊕ span R {e m+1 , ..., e n }. Hence, L ⊥η = span R {f m+1 , ..., f n }. Suppose
then with respect to the decomposition
the element A has the form
.., e m ) ⊕ sod(m + 1, ..., n).
Thus, as in case m=0, the projection of an L-preserving subgroup F ⊂ SimẼ to Sim L gives us the full information about F .
1 is a nonzero linear map.
Now consider Lie algebras of type 4. We have an orthogonal decomposition L = W ⊕ U. Let 
We choose the basis e 1 , ..., e n , f 1 , ..., f n in such a way that
W 2 = span R {e l+1 , ..., e m } ⊕ span R {e m+1 , ..., e r }, then U 2 = span R {f l+1 , ..., f m } ⊕ span R {e r+1 , ..., e n }.
Hence we have so(W ) ∩ u(n) = u(e 1 , ..., e k ) ⊕ sod(m + 1, ..., r).
.., e k ) ⊕ sod(m + 1, ..., r) and
Step 3. Here for each subalgebra f ⊂ LA(SimẼ) considered above we describe subalgebras a of the Lie algebra LA(Sim H n ) with π(a) = f.
Case m > 0. Let f ⊂ LA(SimẼ) be a subalgebra as above with m > 0. We claim that if for a subalgebra a ⊂ LA(Sim H n ) we have π(a) = f, then a = f ⋉ C, where C = ker π.
Indeed, the projection π : LA(Sim H n ) → LA(SimẼ) is surjective with the kernel C, hence if π(a) = f and a does not contain C, then a has the form {x + ζ(x)|x ∈ f} for some linear map
, * , then we can choose z ∈ f ∩ E and x ∈ z(h) with Im g(z, ψ(x)) = 0, or x 1 , x 2 ∈ z(h) with Im g(ψ(x 1 ), ψ(x 2 ) = 0. For each subalgebra f ⊂ LA(SimẼ) considered above with m > 0 we define the Lie subalgebra
Case m=0. For each subalgebra f ⊂ LA(SimẼ) considered above with m = 0 we have 2 possibilities.
Subcase 1. Here we have a 0, * = f 0, * ⋉ C.
Subcase 2. The Lie algebra a does not contain C. Hence a has the form {x + ζ(x)|x ∈ f} for some linear map ζ : f → C. For each f 0, * we will define the possible ζ. Since a is a Lie algebra, we see that ζ vanishes on the commutator f ′ .
aζ(x) ∈ C, it follows that ζ| z(h) = 0. Thus ζ can be considered as a linear map ζ : A 1 → C. For any linear map ζ : A 1 → C we consider the Lie algebra
Choose the vectors e 1 , ..., e n so that span{e 1 , ..., e i 0 } =
is the subspace of E 1 annulated by h and span{e i 0 +1 , ..., e n } = E 1 i 0 +1,...,n is the orthogonal complement to E 1 1,...,i 0 in E 1 . The Lie algebra h is compact, hence h is totally reducible and
..,n is decomposed into an orthogonal sum of subspaces, on each of these subspaces h acts irreducibly. Thus, span{x(u)|x ∈ h, u ∈ E 1 } = E 
where h ⊂ sod(1, ..., n) and ϕ : z(h) → A 1 is a nonzero linear map. As above, we can show that (f 0,3,h,ϕ )
Denote by the same letter ζ the linear map ζ :
For any linear map ζ : z(h) → C such that ker ϕ ⊂ ker ζ we consider the Lie algebra
Subcase 2.4. As above, for the Lie algebra 
Step 4. For each subalgebra a * ⊂ LA(Sim H n ) constructed above consider the subalgebra 
We suppose that L ⊂ Rp 1 ⊕ Rp 2 ⊕ E. Let v = (a 1 , a 2 , α, β, 0, 0) ∈ L. We assume α = 0. If the projection of α to W is nontrivial, then we denote this projection by w and applying the element (0, 0, 0, 0, w, 0, 0) ∈ g to v we obtain w t αp 1 +w t βp 2 ∈ L and L is degenerate subspace. Suppose that the projections of α and β to W are trivial and the projection of α to U is nontrivial, then there exists an element x ∈ z(h) such that ψ(x) = (0, 0, 0, 0, u, 0, 0), where u ∈ U is equal to this projection. Applying the element Γ −1 0 (x) + ψ(x) to v we obtain u t αp 1 + u t βp 2 ∈ L, hence L is degenerate.
Thus the subspace L ⊂ V is degenerate and the lemma is proved.
Now we are left with the Lie algebras of the form g 0,1,h,ζ , g 0,2,h,i 0 ,ζ , g 0,3,h,ϕ,ζ and g 0,4,h,ψ,i 0 ,ζ .
Lemma 2
The subalgebra g 0,1,h,ζ ⊂ su(1, n + 1) <p 1 ,p 2 > is weakly-irreducible if and only if ζ = 0.
Proof. If ζ = 0, then g 0,1,h,ζ preserves the nondegenerate vector subspaces span R {p 1 + p 2 , e 1 + f 1 , ..., e n + f n , q 1 + q 2 } ⊂ V and span R {p 1 − p 2 , e 1 − f 1 , ..., e n − f n , q 1 − q 2 } ⊂ V . Applying the element (1, 0, 0, 0, 0, 0, ζ(1)) ∈ g 0,1,h,ζ to u − v, we see that −b 2 p 1 + b 1 p 2 ∈ L. The end of the proof is as in example 1.
Lemma 3
The subalgebra g 0,2,h,i 0 ,ζ ⊂ su(1, n + 1) <p 1 ,p 2 > is weakly-irreducible if and only if ζ| z(h) = 0.
Proof. Suppose ζ| z(h) = 0. If ζ = 0, then g 0,2,h,i 0 ,ζ preserves the nondegenerate vector subspaces span R {p 1 +p 2 , e 1 +f 1 , ..., e n +f n , q 1 +q 2 } ⊂ V and span R {p 1 −p 2 , e 1 −f 1 , ..., e n −f n , q 1 −q 2 } ⊂ V . If ζ = 0, then we choose the vectors e 1 , ..., e i 0 so that ζ| span{e 2 ,...,e i 0 } = 0. Then g 0,2,h,i 0 ,ζ preserves the nondegenerate vector subspace span R {p 1 + p 2 , e 1 + f 1 , ..., e n + f n , q 1 + q 2 − 2ζ(e 1 )e 1 } ⊂ V .
Suppose ζ| z(h) = 0. Let x = B 0 0 B ∈ z(h) with ζ(x) = 0. Since B ∈ so(n), we can choose the basis e 1 , ..., e n so that B has the form 
Lemma 4
The subalgebra g 0,3,h,ϕ,ζ ⊂ su(1, n + 1) <p 1 ,p 2 > is weakly-irreducible if and only if
The proof is similar to the proofs of lemma 2 and 3.
Lemma 5
The subalgebra g 0,4,h,ψ,i 0 ,ζ ⊂ su(1, n + 1) <p 1 ,p 2 > is weakly-irreducible if and only if ζ| z(h) = 0.
The proof is similar to the proofs of lemma 1 and 3.
Now for the Lie algebras g 0,1,h,ζ and g 0,3,h,ϕ,ζ we assume ζ = 0; for the Lie algebras g 0,2,h,i 0 ,ζ and g 0,4,h,ψ,i 0 ,ζ we assume ζ| z(h) = 0.
The theorem is proved.
